In this paper we obtain new estimates of the sequential Caputo fractional derivatives of a function at its extremum points. We derive comparison principles for the linear fractional differential equations, and apply these principles to obtain lower and upper bounds of solutions of linear and nonlinear fractional differential equations. The extremum principle is then applied to show that the initial-boundary-value problem for nonlinear anomalous diffusion possesses at most one classical solution and this solution depends continuously on the initial and boundary data. This answers positively to the open problem about maximum principle for the space and time-space fractional PDEs posed by Luchko in 2011. The extremum principle for an elliptic equation with a fractional derivative and for the fractional Laplace equation are also proved.
1. Introduction 1.1. Maximum principle for fractional derivatives. One of the most useful tools employed in the study of theory of partial differential equations are the maximum and minimum principles. They enable to obtain information about solutions without knowing their explicit forms. Recently, with the development of fractional differential equations, the extremum principles for fractional differential equations have started to draw attention. This motivates us to consider the extremum principle for the sequential Caputo derivatives.
In [L2009a] Luchko proved a maximum principle for D α 0+ Caputo fractional derivative in the following form:
• Let f ∈ C 1 ((0, T )) ∩ C([0, T ]) attain its maximum over [0, T ] at t 0 ∈ (0, T ], then D α 0+ f (t 0 ) ≥ 0. • Let f ∈ C 1 ((0, T )) ∩ C([0, T ]) attain its minimum over [0, T ] at t 0 ∈ (0, T ], then D α 0+ f (t 0 ) ≤ 0. Based on an extremum principle for the Caputo fractional derivative he proved a maximum principle for the generalized time-fractional diffusion equation over an open bounded domain. The maximum principle was then applied to show some uniqueness and existence results for the initial-boundary-value problem for the generalized timefractional diffusion equation [L2010] . He also investigated the initial-boundary-value problems for the generalized multi-terms time-fractional diffusion equation [L2011a] and the diffusion equation of distributed order [L2009b] , and obtained some existence results for the generalized solutions in [L2011a, L2009b] . For the one dimensional time-fractional diffusion equation, the generalized solution to the initial-boundary value problem was shown to be a solution in the classical sense [L2011b] .
In [Al2012] Al-Refai generalized the results of Luchko as follows:
• Let f ∈ C 1 ([0, 1]) attain its maximum at t 0 ∈ (0, 1), then
for all 0 < α < 1. • Let f ∈ C 1 ([0, 1]) attain its maximum at t 0 ∈ (0, 1), then
Here D α 0+ is the Riemann-Liouville fractional derivative of order α.
These results were used to prove the maximum principle for time-fractional diffusion equations by Al-Refai and Luchko [AlL2014, AlL2015] , and in other papers [CL2016, LZB2016, LY2017, YLAT2014] .
Maximum and minimum principles for time-fractional diffusion equations with singular kernel fractional derivative are proposed in [CKZ2017, KT2018] . In [AlL2017, Al2018, BKT2018, BT2018, ZAW2017] it is proved a maximum principle for generalized time-fractional diffusion equations, based on an extremum principle for the fractional derivatives with non-singular kernel.
An investigation of the maximum principle for fractional Laplacian can be found in [CS2014, CDDS2011, CHL2017, DQ2017].
As we have mentioned above, for classical fractional derivatives the question of the values of the fractional derivatives at the extreme points has been studied quite well for order of the derivatives in (0, 1). The case where the order of the derivative is less than two has not yet been fully investigated.
In [SZ2009] Shi and Zhang obtained the following results:
But, Al-Refai [Al2012] showed that the result claimed in [SZ2009] is not correct and he corrected the result of Shi and Zhang in the following form L2012] proposed an important and interesting open problem: can one extend the maximum principle to the space and time-space fractional partial differential equations?.
In [YLAT14] Ye, Liu, Anh and Turner solved Luchko's open problem with additional conditions. More precisely, they proved a maximum principle for time-space fractional differential equations, when the derivatives of the solution at different ends of the interval have different signs. They considered time-space fractional differential equations with time-fractional Caputo derivative and the modified Riesz spacefractional derivatives in Caputo sense.
Further, in [LZB2016] , the above results were extended to time-space fractional differential equations with variable order. We also note that the maximum principle for the time-space fractional diffusion equation with space fractional Laplacian was studied in [JL2016] .
In this paper, we will give an answer to Luchko's open problem. We establish the maximum principle for the time-space and space fractional partial differential equations without additional conditions on the solution.
The aim of this article is:
• to obtain the estimates for the sequential Caputo fractional derivative of order (1, 2] at the extremum points; • to obtain the comparison principles for the linear and non-linear ordinary fractional differential equations;
• to obtain the maximum and minimum principles for the time-space fractional diffusion and pseudo-parabolic equations with Caputo and Riemann-Liouville time-fractional derivatives; • to obtain the uniqueness of solution and its continuous dependence on the initial conditions of the initial-boundary problems for the nonlinear time-space fractional diffusion and pseudo-parabolic equations; • to obtain the maximum and minimum principles for the fractional elliptic equations; • to obtain the uniqueness of solution of the boundary-value problems for the fractional elliptic equation. 
is called the Riemann-Liouville integral operator of fractional order α > 0. Here
The Riemann-Liouville fractional derivative of order 0 < α < 1 of f is defined as
, then the Caputo fractional derivative is defined as
. Furthermore, we will use another kind of fractional order derivative. Namely, the sequential Caputo derivative of order kα, k = 1, 2, ... 
). If f attains its minimum value at x * ∈ [a, b], then (i) if 0 < α, β < 1 and 1 < α + β < 2,
Proof. For the proof of part (i), we define, as in [SZ2009] the auxiliary function
then it follows that h (x) ≥ 0, on [a, b] , h (x * ) = h ′ (x * ) = 0 and
As
Integrating by parts yields
As h (x * ) = h ′ (x * ) = 0, then using l'Hosptial's rule,
Consequently,
Comparison principle for ordinary fractional differential equations
We use the results in Section 2 to obtain new comparison principles for linear and nonlinear fractional differential equation.
3.1. Linear fractional differential equations.
Therefore D α a+ D β a+ u (a) = 0. By the continuity of the solution and f ≥ 0, we have u(a) ≤ 0. Assume by contradiction that the result is not true, as u is continuous on [a, b] then u attains its maximum u(x * ) > 0 at x * > a. Applying the result of Proposition 2.1 and inequality (1.1) we obtain
3.2. Non-linear fractional differential equations.
is non-increasing with respect to u, then the above equation has at most one solution.
Proof. Let u 1 and u 2 be two solutions of the above equation
Applying the mean value theorem we obtain
for some u * between u 1 and u 2 . Thus,
Assume by contradiction thatû is not identically zero. Thenû has either a positive maximum or a negative minimum. At a positive maximum x * ∈ [a, b], and as F (x, u) is non-increasing, we have ∂F ∂u
a+û (x * ) ≤ 0. By using results of Proposition 2.1 for a positive maximum and a negative minimum, respectively, we obtainû = 0.
Theorem 3.4. Consider the nonlinear equation
Proof. We shall prove that u(x) ≤ u 1 (x) and by applying analogous steps one can show that u(x) ≥ u 2 (x). By subtracting (3.3) from (3.2) we have
Since µ 1 < 0, it follows that by Theorem 3.1,ũ ≤ 0, the proof is complete.
Time-space fractional diffusion equation with Caputo derivative
In this section, we consider the nonlinear time-space fractional diffusion equation with Caputo derivative
(4.2) and boundary conditions
where α ∈ (0, 1], 0 < β 1 , β 2 ≤ 1, 1 < β 1 + β 2 ≤ 2, ν > 0, −∞ < a < b < +∞, and the functions F, ϕ, φ, ψ are continuous.
4.1. Maximum principle. In this subsection, we shall present the maximum (minimum) principle for the linear case of equation (4.1).
Suppose that there exits some (x, t) ∈ Ω such thatũ (x, t) < 0. Sincẽ
there is (x 0 , t 0 ) ∈ Ω such thatũ (x 0 , t 0 ) is a negative minimum ofũ over Ω. It follows from Proposition 2.1 that
From the results of Al-Refai and Luchko [AlL2014] it follows that 
Theorem 4.1 and 4.2 imply the following assertions. has at most one solution.
Proof. Let u 1 (x, t) and u 2 (x, t) be two different solutions of the problem (4.1)-(4.2), and let u = u 1 − u 2 , then,
, with zero initial and boundary conditions. It follows from Theorems 4.1 and 4.2 that
A contradiction. The result then follows. The result then follows.
We consider the nonlinear time-space fractional diffusion equation of the form (4.1), subject to the initial and boundary conditions (4.2), (4.5). We start with the following uniqueness result.
Theorem 4.7. If F (x, t, u) is nonincreasing with respect to u, then the equation (4.1), subject to the initial and boundary conditions (4.2), (4.5), admits at most one solution u.
Proof. Assume that u 1 (x, t) and u 2 (x, t) are two different solutions of the equation (4.1) subject to initial and boundary conditions (4.2), (4.5), and let v (x, t) = u 1 (x, t) − u 2 (x, t) .
Then v (x, t) satisfies
with homogeneous initial and boundary conditions (4.2), (4.5). Applying the mean value theorem to F (x, t, u) yields
Assume by contradiction that v is not identically zero. Then v has either a positive maximum or a negative minimum. At a positive maximum (x 0 , t 0 ) ∈ Ω and as F (x, t, u) is nonincreaing, we have
By using results of Theorems 4.1 and 4.2 for a positive maximum and a negative minimum, respectively, we get u 1 = u 2 .
Theorem 4.8. Let u 1 (x, t) and u 2 (x, t) be two solutions of the equation (4.1) that satisfy the same boundary condition (4.5) and the initial conditions u 1 (x, 0) = g 1 (x) and u 2 (
Then v (x, t) satisfies the equation
the initial condition v (x, 0) = g 1 (x) − g 2 (x) , x ∈ [a, b], (4.8) and the Dirichlet condition (4.5). Let
and assume by contradiction that the result of the Theorem 4.8 is not true. That is,
Then v either has a positive maximum at a point (
or it has a negative minimum at a point (
If v (x 0 , t 0 ) = M 1 > M, using the initial and boundary conditions of v, we have (x 0 , t 0 ) ∈Ω.
Analogous proofs of those of Theorem 4.1 and Theorem 4.2 lead to v (x, t) ≤ M; this proves the result.
Time-space fractional pseudo-parabolic equation
In this section, we consider the time-space fractional pseudo-parabolic equation with Riemann-Liouville time-fractional derivative
where α, β 1 , β 2 ∈ (0, 1], 1 < β 1 + β 2 ≤ 2, ν > 0, −∞ < a < b < +∞, and the functions F (x, t) , ϕ (x) , ψ 1 (t) and ψ 2 (t) are continuous.
Maximum principle.
In this subsection, we shall present the maximum principle for the equation (5.1).
Theorem 5.1. Let u (x, t) satisfy the equation (5.1) with initial-boundary conditions
is the negative minimum ofũ over Ω.
It follows from (1.2) that
Asũ (x, t) is bounded in Ω, then we have
(5.5) It follows from Properties 1.5 and 1.6 that
. Using Property 1.7, for any t > 0, we get
It follows from Property 1.4 that
Since the left-hand side of (5.6) and the first term of the right-hand side of (5.6) exist, it follows that the second term on the right-hand side exists and tends to 0 as t → 0. As t → 0, ϕ(x)t α−1 = 0. Therefore,
Furthermore, it follows from the boundary condition ofũ(x, t) that
Therefore, w(x, t) satisfies the problem
From (5.4), it follows that w(x 0 , t 0 ) < 0. Since w(x, t) ≥ 0 on the boundary, there exists (x * , t * ) ∈ Ω such that w(x * , t * ) is the negative minimum of function w(x, t) in Ω. It follows from (1.2) that
Since w(x * , t * ) is a local minimum, from Proposition 2.1 we obtain
Therefore at (x * , t * ), we get D α 0+,t w (x * , t * ) < 0 and νD β 1 a+,x D β 2 a+,x w (x * , t * ) + F (x * , t * ) ≥ 0.
This contradiction shows that w (x, t) ≥ 0 on Ω, whereupon u (x, t) ≥ −µt α on Ω for any µ. Since µ is arbitrary, we have u(x, t) ≥ 0 onΩ.
A similar result can be obtained for the non-positivity of the solution u(x, t) by considering −u(x, t) when F (x, t) ≤ 0, ϕ(x) ≤ 0, ψ 1 (t) ≤ 0 and ψ 1 (t) ≤ 0.
Theorem 5.2. Let u (x, t) satisfy equation (5.1) with initial-boundary conditions
Theorem 5.1 and 5.2 leads the following assertions.
, it follows that u(x, t) satisfies (5.1). Thus, it follows from an argument similar to the proof of Theorem 5.1 thatũ
That is,
The theorem 5.3 is proved.
A similar result can be obtained for the nonpositivity of the solution u(x, t) by considering −u(x, t).
Theorem 5.4. Suppose that u (x, t) satisfies (5.1), (5.2), (5.3). If F (x, t) ≤ 0 for (x, t) ∈ Ω, then
{ϕ(x), ψ 1 (t), ψ 2 (t)} , (x, t) ∈ Ω. 5.2. Uniqueness results. The maximum principle for the time-space fractional equation (5.1) can be used to prove the uniqueness of a solution.
Theorem 5.5. The problem (5.1), (5.2), (5.3) has at most one solution.
Proof. Let u 1 (x, t) and u 2 (x, t) be two solutions of the initial-boundary value problem (5.1), (5.2), (5.3) andû(x, t) = u 1 (x, t) − u 2 (x, t). Then,
, with homogeneous initial and boundary conditions (5.2), (5.3) forû (x, t). It follows from Theorems 5.1 and 5.2 thatû (x, t) = 0 on Ω. Consequently u 1 (x, t) = u 2 (x, t) . The result then follows.
Theorems 5.1 and 5.2 can be used to show that a solution u (x, t) of the problem (5.1), (5.2), (5.3) depends continuously on the initial data ϕ (x) .
Theorem 5.6. Suppose u (x, t) andū (x, t) are the solutions of the equation (5.1) that satisfy the same boundary condition (5.3) and the initial conditions u (
, with initial conditionũ (x, 1) = ϕ (x) −φ (x) and boundary condition (5.3). It follows from Theorems 5.1 and 5.2 that
The result then follows.
Theorem 5.7. If F (x, t, u) is nonincreasing with respect to u, then the nonlinear time-space fractional pseudo-parabolic equation
subject to the initial and boundary conditions (5.2), (5.3) admits at most one solution.
Theorem 5.8. If u 1 (x, t) and u 2 (x, t) are two solutions of the equation (5.7) that satisfy the same boundary condition (5.3) and the initial conditions
and if F (x, t, u) is nonincreasing with respect to u, then it holds that
Theorems 5.7 and 5.8 are proved similarly as Theorems 4.7 and 4.8 in Subsection 4.2.
Fractional elliptic equation
In this section, we consider an elliptic equation with a sequential Caputo derivative in a multidimensional parallelepiped
, c(x) and F (x) are given functions, and
6.1. Weak and strong maximum principle. We start with a weak maximum principle.
Theorem 6.1. Let a function u(x) satisfy the equation (6.1) and a j ( Proof. Let us assume that the inequality (6.2) does not hold true under the conditions that are formulated in Theorem 6.1, i.e. that the function u(x) attains its positive maximum, say M > 0 at a point x * = (x * 1 , ..., x * n ) ∈ Ω. Because
we first get the inequality
Then, it follows from (1.1) that
As c j (x * ) < 0, then n j=1 c j (x * )D γ a+,x j u(x * ) < 0.
By Proposition 2.1, we have
The last two inequalities lead to the inequality
that contradicts the following one:
of Theorem 6.1. The theorem is proved.
The following theorem is proved similarly. Remark 6.3. In the proof of the weak maximum principle, we have in fact deduced a statement that is stronger than the inequality (6.2), namely, we proved that a function u that fulfills the conditions of Theorem 6.1 cannot attain its positive maximum at a point x * ∈ Ω.
The statement of Remark 6.3 is now employed to derive a strong maximum principle for the elliptic equation (6.1). Theorem 6.4. Let a function u(x) satisfy the homogeneous elliptic equation (6.1) and d(x) ≤ 0, x ∈ Ω. If the function u attains its maximum and its minimum at some points that belong to Ω, then it is a constant, more precisely
Proof. Indeed, according to Remark 6.3, u(x) ≤ 0, x ∈Ω for a function u(x) that attains its maximum at a point x * ∈ Ω. Now let us consider the function −u(x) that satisfies the homogeneous equation (6.1) and possesses a maximum at the minimum point of u(x) and thus at a point that belongs to Ω. The maximum of −u(x) cannot be positive according to Remark 6.3 and we get the inequality −u(x) ≤ 0, x ∈ Ω.
The two last inequalities assert the statement of Theorem 6.4. 6.2. Applications of the maximum principles. In this section, we add the boundary condition u(x) = ϕ(x), x ∈ ∂Ω, (6.4) to the elliptic equation (6.1). The following result is a direct consequence of the weak maximum principle Theorem 6.5. Let F (x), a j (x), b j (x), c j (x), ϕ(x) and d(x) ≤ 0 be smooth functions.
Then the boundary-value problem (6.1), (6.4) admits at most one solution u(x).
The following two theorems follow directly from Theorem 6.1 and Theorem 6.2.
Theorem 6.6. Let u(x) fulfill the equation (6.1) and d(x) ≤ 0, x ∈ Ω. If u(x) satisfies the boundary condition (6.4) and ϕ(x) ≥ 0, x ∈ ∂Ω, then
Theorem 6.7. Let u(x) is the solution of elliptic equation (6.1) and d(x) ≤ 0, x ∈ Ω.
If u(x) satisfies the boundary condition (6.4) and ϕ(x) ≤ 0, x ∈ ∂Ω, then u(x) ≤ 0, x ∈Ω.
Fractional Laplace equation in cylindrical domain
In this section, we consider the following fractional Laplace equation
where Ω ⊂ R N , N ≥ 1 is a bounded domain, 1 < α + β ≤ 2, δ ∈ (0, 1) and (−∆) δ is the regional fractional Laplace operator defined as follows (see Theorem 7.4. Let F (x, y), ϕ 1 (y) and ϕ 2 (y) be smooth functions. Then the Dirichlet problem (7.2)-(7.3) for the fractional Laplace equation (7.1) possesses at most one solution u.
Conclusion
We obtained the extremum principle for the sequential Caputo derivative of order (1, 2] and presented some of its applications. This statement answered positively to Luchko's question about maximum principle for the space and time-space fractional partial differential equations. The results of this article are:
• the estimates for the sequential Caputo fractional derivative of order (1, 2] at the extremum points is proved;
• comparison principles for the linear and non-linear fractional ordinary differential equations is obtained; • maximum and minimum principles for the time-space fractional diffusion and pseudo-parabolic equations with Caputo and Riemann-Liouville timefractional derivatives are derived; • uniqueness of solution and continuous dependence of a solution on the initial conditions of the initial-boundary problems for the nonlinear time-space fractional diffusion and pseudo-parabolic equations are proved; • maximum and minimum principles for the elliptic equations in multidimensional parallelepiped and cylindrical domains with sequential Caputo derivative are derived.
